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A SIMPLIFIED THEORETICAL METHOD OF DETERMINING THE CHARACTERISTICS

OF’ A LIFTING ROTOR IN FORWARD FLIGHT

By F. J. BAILEY, Jr.

SUMMARY

Theoretically derived expressions for the jtapping, the
thrust, the torque, and #heprojile drag-lift ratio of a non-
jeathering rotor un”thhinged, rectangular, linearly tunkted
blades are given as simple funetwns of the inj%w velocity
and the blade pt”tch. Represeniatire ralues of the coej7i-
cienis of each of the terms in these expressions are tabu-
latedfor a ~eries of specijed dues of the tip-speed ratio.
.+lnalytisindicates that the tabulded V&MScan be used to
calculate, with reaaona.bleaccuracy, the characteristics of
amyrotor of conventionaldesign.

In order to demonstratethe method of us+ng the tables
included with the analyw”s,the charctwistics of a typ”cal
autorotatingrotor are calculated. A convenient methodis
dewisedfor expressing, by means of a single chart, the
relationship betweenthe drag and the lift charackm”sticsof
the rotor for rmiows combinations of pitch, tip-speed
ratio, and solidity.

The deceleratingtorque and the projile drag-lifi ratio of
the rotor are eraluated on the assumption that the projile-
drag coejicient of a blade element can be expressed as a
function of the angle of attack of the element by the jirst
three terms of a power series. A comrenientmethod is
deceloped for determining appropriate dues oj the
coejitients of the diferent powers of the angle of attack in
this sert”esfor comwtional airfoil sections at any Rey-
nolds number.

When the blude elements reach ang.ks of attack abore a
certain limiting ralue, the drag coejictint begins to exceed
the value ghen by the series. For certain limiting condi-
tions of pitch and tip-speed ratio, wlwre the elements bep”n
to reach high angles while moving at high t.qehcity,th-+?rotor
performance is impaired and the theory becomesoptimistic.
A method of determining these limiting conditions is
dereloped.

A further limitation, imposed by the requirement that
compres~”bility shock be mmidedat the adrancing blade
tip, is found to limit high-speed jlight to high tip-speed
ratios, where ih<autorotatingrotor is inherently inejicient.

INTRODUCTION

Theoretical e.xpreesiona from which the various
charact eristica of autogiro and helicopter rotors cim be
calculated are to be found in the works of W’hea.tley
(references 1 and 2) and Sissingh (reference 3). The

form in which these expressions have been presented is
unsatisfactory for practical engineering calculations,
chiefly because the expressions have not been reduced
to terms of the two basic parameters: inflow velocity
and blade pitch.

In the prwent paper the theoretical e.xprwsions for
thrust coefficient, flapping coefficient, accelerating
torque coefEcient, decelerating torque coef%cient, and
profile drag-lift ratio are reduced to simple functions
of the inilow factor x and the blade pitch angles 80and
191. The coeilicients of the various terms in the expr~-
sions are found to be functions of the tip-speed ratio p,
the mass constant -y, and the tip-loss factor B. VaIues
of these coefficients, computed for y= 15 and B= 0.97, ”
have been tabulated for a series of specified values of
the tip-speed ratio. Because the departures of ~ from
15 and B from 0.97 that are to be expected in modern
rotor designs have a negligible effect on the values of
the coefficients, the tabulated values can be safely used
for calculating the characteristics of any conventional
rotor.

In the derivation of ~~prwsions for the decelerating
torque and the profile drag-lift ratio, it is necewuy to
approximate the relation between the section profile-
drag coefficient c~Oand the angle of attack a, of a
blade element. This approximation is made in the
present paper by means of the power series:

From the data of reference 4, a convenient method is
then developed for assigning appropriate vaIues to the
coefficients tie,&, and & for conventional airfoil sections
at any Reynolds number.

‘When blade elements approach or exceed the stall,
their drag coefficients greatly exceed the values given
by thi9 approximation. At the same time their lift
cmflicienk fall below the values given by the approxi-
mation

cr=aa,

that is used to express the relation behveon the lift
coefficient and the angle of attack of an element.
k long as such elements are cor&ned to parts of the
rotor -where the relative velocity between the air and
the elements is 10W, the contribution of these elements
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to the total rotor force is small and the theory is accu
rate. When the conditions of pitch and tip-speed ratif
exceed certain limits, however, blade elements begin t[
operate near or beyond the stall while moving at higl
velocities. Their drag then begins to impair the per.
formance of the rotor and the theory becomes opti.
mistic. In order ta prevent the unwitting application
of the theory to these conditions, in which its basi(
assumptions are untenable, a method of determining
approximately the limiting combinations of pitch ana
tip-speed ratio is presented,

A source of much confusion in the analysis of data
on rotor drag has been the Iacli of a method of present.
ing the data in a simpIe form capable of showing directly
and independently the effects of changes in the pitch,
the tip-speed ratio, and the solidity. lt is shown in the
present paper that a chart of the profile drag-lift ratio
against the tift coe.flicient-solidity ratio CL/~ for a series
of speciiied values of pitch and tip-speed ratios com-
pletely satisfies the requirements.

Calculations of the speed of the tip of the advancing
blade are included to show that, if compressibility
shock is to be avoided at this point, high translational
speeds are feasible only at high tip-speed ratios. An
autorotating rotor becomes inefficient at these high
tip-speed ratios because of the stalling of the retreating
blade.

The method of using all the tables and charts included
in this paper is fully expIained and illustrated by
sampIe calculations for a typical rotor.

The scope of the paper is Iimited to IinearIy twisted,
rectangular bIades with the flapping hinge perpen-
dicular to the rotor axis and to the blade span, Periodic
blade-twist terms are not included in view of the cur-
rent trend toward blades designed to eIiminate periodic
twist. In the derivation of all the expressions that
are functions of the tip-speed ratio p, all terms of the
order of P4 or lower have been retained and all terms
of the order of jJ6or higher have been dropped.

:
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SYMBOLS

rotor angular velocity, radians per seconcl
blade radius
foiwaid speed
speed of axial flow through rotor
tip-speed ratio (V cos a/~R)
component of folward speed in plane of disk
tip loss factor

BIade elements outboard of radius BR are
assumed to have drag but no lift.

radius of blade element
ratio of blade-element radius to rotor-blade

radius (r/R)
velocity component at blade element per-

pendicular to blade span and parallel to
rotor disk

number of blades ,
blade chord

u#R velocity component at bIade element perpen-
dicular both to blade span and. to u.#JR

$0 blade pitch angle at hub, radians
L91 difference between hub and tip pitch angles,

radians
a slope of lift coefficient against angle of attack

of bIade airfoil section (radian measure)
u solidity, ratio of total blade area to swept-di&

area (bc/7rR)
P air density
r, mass moment of inertia of rotor bIado about

horizontal hinge

7 mass constant of rotor blade (cpal?/ll)
ill~ weight moment of bIade about horizontal

hinge
T rotm thrust
c.= : T/pfl’rR”

Q rotor torque
co= Q/PQ27rR’ “
L rotor lift
c.= “’-L/+pV%rR2
D rotor drag
CD= --; D/+pV%P
a angle of attack of rotor disk
a~ angIe of attack of blade element

6 blade flapping angIe

# blade azimuth angle (measured from down-
wind position in direction of rotation)

C* section profile-drag coefficient of a blade
element operating normally

cdO’ section profile-drag coefficient of a blade
element in reversed-velocity region

&, &, & coefficients i.Upower series expr~sbg (?d~ as a

function of c1
c; section lift coefficient of a blade element

6 constant term in Fourier series that apresees H
a. coefficient of cos n+ in expression for p
b. coefficient of sin n# in expression for f3

ANALYSIS
FLAPPING COEPPICIENT8

The flapping angle # between the blade-span axis
and the plane perpendicular to the rotor axis is a func-
tion of the azimuth position of the bIade. The relation
between ~ and the azimuth angle ~ of the bIade can be
approximated with sufficient accuracy by the Fourier
series.

Expre&ions for the flapping coefficients %, al, and bl
are given in equations (9–11) of reference 1. By sub-
stitution and division these expressions can be reduced
to the form:

;= (t,,JA+ (t,,,)e,+(t,,,)+ # (I)

a,= (tl ,4)k + (f] J 8.+ (tl ,6)dl (2)

:= (h,7) h+ (h,wo+ (GM+ (ho); & (3)

..—
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where the symbols (tlol)) (t12), etc. are used to represent
lengthy expressions involving the tip-speed ratio p, the
tip-loss factor B, and the blade mass constant y. The
actual expressions represented are given in full in the
appendix.

In equations (l), (2), and (3) the coefficients of A,

190,61, and ~ ‘~w are, for all practical purposes, inde-

pendent of y for values of ~ up to 0.5 and for values of
7 up to 25. For example, at a tip-speed ratio of 0.5,
reducing -Yfrom 15 to O changes no coefficient by more
than 2.9 percent. Increasing ~ from 15 to 25 changes
no coefficient by more than 1.3 percent. Ml terms
that involve 7 are of the order of pa or p4; hence, the

dect of Y decreases very rapidly as the tip-speed ratio
is reduced,

Numerical values of the coficiente of k, 00, f?l, and
1 it!iw .

~ m equations (l), (2), and (3) are given for speci-
~m
fled tip-speed ratios in table I. The values given have
been computed on the assumption that the mass con-
stant ~ is 15 but these values may be used, with satis-
factory accuracy, for any value of v from O to 25. It
will be noted that the subscripts of the symbols (h,l),
(t,,,), etc. used in the equations have been chosen to
indicate the table and the line in that table where the
appropriate numerical values are to be found. This
procedure is followed throughout the paper.

—

TABLE I.—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (l), (2), AND (3)

[7-1X B-o.Eq
.

\

T~i;O~d

mj?knt 0.16 0.‘al o.2d 0.32 0.3s 0.40 0.46 O.KI

se/7Inequation(1)

L..-. -. .. ... . .------- 0.1626 0.1626 0:M%
h--.......-------–-

0.1621 0.1526 0.1642
. m2

I

o.16&o : ;&t&

61--.. . ..-. ------_–
.1244

.0s77 :0%
.1224 .132s

.6W6 :K% .ow .0977 .1026 .103$

Q1in equation(2)

x--------------------0.822 0.461 0.643 &669 Ill o.w L 166
80-------------------- .418 :% .716 .S74
h-------------------- .?04

L 217 ?%! 1.607
.6m .624 .765 .WI 1.016 L 169

&/vh equation (2)

k.-------..-----—-0.0218 0.0416 ~ p;
6-------------------- .0222 .0216
~M; _____ .0186 .0242 .6W9

–. w –. 26Q
717w---------—---

–. 224

0.0619 0:g o.ma o.092s o.ma
.0496 .06%3 .owd
.om’

.C96a
.049 .o%?n .om .0eQ7

–. 683 –. 462 –. m –. 667 -. m

1 I I I I I I I I

In table I, and in all subsequent computations in the
present paper, the effective blade radius is assumed to
be 97 percent of the actual radius; that is, the tip-loss
factor B is 0.97. For conventional rotor-blade designs
this value is considered to be a sufiicimtly close approxi-
mation to the recommended value 1—c/2R (reference 1).

Expressions for the flapping coefficients a~ and 62
are given in equations (9–15) of reference 1. These
expressions can be written in the form:

q= (t,,,) h+ (t,,Jeo+(t,,,)e,
P

(4)

The coe.flicients of h, 6,, and 0, in equations (4) and (5)
are not independent of Y but are independent of p.
Values of these coefficients for specified values of Y are
given in table II. Complete expressions for each
coefficient are given in the appendix.

TABLE 11.–NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (4) AND (5)

[B-0~

.—. -
—... Q

2 4 6 8 10 12 14 16 la !M

adpi Lnequation(4) .

A--- . . . .. ...-- ... ..- o 0.214 o:&7 .602 .769 .919 L0s6 1.1s4 1.208 L422 1.629
ea.-.........--_.._- o .19s JMJ .6s9 .810 .916 LM)9 1:%: l,, L 267
o*.............-_._.o .160 .291 .626 .618 .699 .n2 .96a

bI/Pih aquat[on(O

. .

x...---------------0 -o.o16 :~ -0.Iixl -- y! -_:%4 –_:y&l -y& –-g –- ::: –- ~7
8,--------------------o –.016 –.lx
.9,-------------------0 -.012 -.044 –.owl –.142 –.194 -.242 –.m –.320 –.661 -.677
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THRUST COEFFICIENT

The expression for the thrust coefficient given in
equation (8–14) of reference 1 can, after substitution
from equations (2) and (5), b~ reduced to the form

(6)

Again the coefficients of i, 8,, and 0, are practically ]

independent of Y. At a tip-speed ratio of 0.5, a reduc-
tion of 7 from 15 to O changes no .ccdiicient by more
than 1.7 percent while an increase in Y from 15 to 25
changes no coefficient by more than 0.7 percent.

Numerical values of these coefficlentsj computed for
Y= 15 but satisfactory for any value of 7 between O and
25, are given in table III. Complete expressions for
each coefficient are given in the appendix.

TABLE 111.–IWMERICAL VALUES OF &tE6~OE~S?ICIENTS IN EQUATION (6) FOR

[“j=ls; B-o,971
. . ._-L... ,::.. ...

..

h. . . . . . . . . . . . . . . . . . . . .

0,--------------------

ANGLE OF ATTACK

After the thrust coefficient ~, has been determined,
the angle of attack a between tho plane perpcndicuhr
to the rotor axis and the flight path can be obtained
from equation (5–2) of reference 1, which is

c,
tinC4=)+2K(AZ+K~)lIZ

For low angles of attack AZis negligible
with P2 and the expression reduces to

xc~=_+ —T
p 2p2

ACCELERATING TORQUE

- (7)

in comparison

(8)

In previous work on tho torque equilibrium of auto-
giro rotors (reference 5), it -was found convenimt to
divide the aerodynamic torque into two parts: one
dependent on the components of the lift vectors of the
blade clementi paraIIel to the plane of the disk and the
other dependent on the component of the drag vectors
parallel to. the plane of the disk. In the case of the
autogiro, the torque arising from the inclination of the
lift vectors relative to the plane of the disk tends to
accelerate the rotor and was designated the accelerating
torque in reference 5. This designation will be
retained in the present paper even though, in the cnse
of the helicopter, the inclination of the elemental lift
vectors may tend to decelerate the rotor.

A study of equation (9) of reference 5 shows that the
&ccderathg torque inefficient CQ= of & rotor without

dynamic blade twist can be expressed in the form --

-( ,)

1 20;
— = (t,,,) A’+ (t,,,) Aeo+ (t,,,) M,+ (t,,,)e$

au

+ (t, fi)&#l+ (&,6)81’+(~4,7)~:@+ (t4d#300

ikf~ ‘()+ (t4,9)7~e1+ (~4,10)~ (9)

..
The &pressions represented by the symbols (tl,l), (4,2),
etc. are given in the appendix.

The last four terms of equation (9) are negligible for
combinations of 7 and illlV/11!2z found in current
autogi~o designs,

Numerical values of the coefficients in the first six
terms, ”computed for ~= 15, are included in table I of
reference 5. For”corivenience these values me repeated
in table IV in the present paper, Reasonable depar-
tures of the mass constant Y from 15 can again be sofely
ignored although the effect of changes in ~ is somewhat
greater than it was in the casa of thrust and flapping.
At~O.5 the maximum change produced in any of the
coefficients by decreasing 7 from 15 to O is 5.6 percent
and the maximum change produced by iucrea.sing 7 from

15 to 25 is 9.2 peroent.

TABLE lV,—lWJMERICAL VALUES OF TIIE COEFFICIE~TS IN lZ-QUATTON19) FOR ~/a (2fi~=/.)

“ \
TIPS ed

Yrato,jz
Cwft$ient 0.16

xi------------------- 0.I
MA..--_. .- . . . ..__ , .:
A61----------- ‘
08.-...--......------–. :i. . 7:a& 0:g

.306 .866

.040 .Oea

.05s .0%3

.Cm .036

[7=15;B= O.97]

Is
.— ....

1

0.m

“1 ‘

0.25 0.ml

~~

.864

.80s

:%
.- .7.

o.4a

-.. . ..
.,- . . ...,. ,

,,
.,..
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A comparison of the expression for the accelerating
torque of a constant-pitch rotor of pitch 190+A60with
that for a rotor of pitch L90and linear twist 61shows that
the two rotors will have the same accelerating torquo
at the same inflow factor if

hJe1=2-5+=~/&J 81
‘“o=~ ,

A study of the numerical values given in table 11’ shows
that, for all practical purposes,

Hence the accelerating torque of a rotor with linearly
twisted blades is, for practical purposes, equivalent to
that of a constant-pitch rotor if the pitch of the ele-
ments at 75 percent of the effective radius BR is
identical in the two rotors. Considerable time can be
saved in calculating the accelerating torque of a rotor
with linearly twisted blades by first determ.hing the
blade pitch at 0.75BR and then calculating the torque
of a rotor with untwisted blades having this pitch.

DECELERATING TORQUE

The decelerating torque coefficient C& of the rotor
can be expressed in the integral form by following the
method developed in reference 1:

SS-k 3$,-’’n’u”’’’o”d’ (lo)

In this expression, c~, represents the profile-drag co-
efficient of a blade element operating normally and
c’o’ repr~enti the profle~rag coefficient of an element
in the reversed-velocity region.

Experience has show-n that the drag coefficient of a
blade element cannot be considered to be independent of
# and z; hence equation (10) cannot be integrated until
c~Oand c%’ are expressed in terms of # and z. The

simplest way of satisfying this requirement is to approxi-
mate the relation between the drag coefficient and the
angle of attack of an element by a power series of the
form

(
c’0=60+61~r+62&r2=60+61 ~+do+xdl

)

{
+(?,

)
*+ OO+X6’, 2

as was originally done by Sissingh in reference 3.
The effective rmgle of attack of elements in the

reversed-velocity region has been shown in reference 1
to be

&r’= —:=T—60—281

It will therefore be assumed that

( )(
—:T–eo—zel +a~ —~—eo–zol

)

2
~’o’‘&+81

u2.

With ordinary eirfoil sections, of course, the values of
$, 6,, and & appropriate for backward-moving blade
elements in the reversed-velocity region may be -.
expected to differ considerably from the values char-
acteristic of the forward-moving element-s in the rest of ---- -1
the disk. At tip-speed ratios below 0.5, however, the .-

total contribution of the reversed-velocity region is too
~mall to necessit~te any such refinement in its evalua-
tion.

After substitution for Cdo and e~O’ equation (10)
becomes —.

which reduces to

~ter substitution for u“ and up from equations (8),
(9), (10), and (11) of reference 2, integration, and
substitution for the flapping coticiente from equations
(1) to (5) of this report, the e..pression for decelerating
torque takes the form

1+6, (t&J)?+ (tJMO+(t&JM’*+ (t&Jeo’

+ (~5,9)w1+(klo)@l’

Mw 2
+ (fm)(~

)1
(11)

-..

4?0134”-42-15
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Tho complete repressions for the coefficients repr~-
sented by the symbols (ts,l), (G,Z),etc. are given in the
appendix

The net contribution of the last four terms in equation
(11), that is,. the terms containing il~w/1,i22, is negligible
for normal values of 7 and ilfW/11i12. Values of the

coefficients in the first 10 terms are given in table V
for 7=15, B= O.97. The effectof y ou the vahm Qf.
these coefficients is again very small. At a tip-
speed ratio of 0.5, no coefficient cbangw by more than
thnn 3.6 percent as 7 is reduced from 15 @ zero--or.
by more than 4.6 percent as ~ is increassd from 15 to 25.

TABLIJ V.-NUMERICAL VALUES OF THE COEFFICIENTS IX EQUATION (11) FOR (2C~d[i]

\

TID*wed
r’tie, p

COefS- 0.15
dent of

!3&-::::::::::::::

Ml.- . . . . . . . . . . . . . ..-
J,@!..................
@a-----------------
ala%..................
&M--................
&s&------------------
W31----------------
.%9,9.................

0.250
.a3a
.2M
.2Q4
.588
.737
.w
.ml
.443
.183

1

0.m

0.280
.383

:E
.M2
.796
.593
.335
.479
.100

[7=l&B= O.97]

.,.

0.25 o.w.,.,,<.-:::

0:yJ 4J
.205
.210
.697
.871 %J

:%
.b28 :%%
.214 .237

I :.

PROPILE DIIAG

The Profile drag-lift ratio of the rotor can be expressed
in the integralfo& by following the procedure o~ltlinecl
in section 11 of reference 1:

G)O=Z%(+IW’’IU’3”O” -

‘2:s7*s~@ ~“T3cdodX

Ss )
–~ ‘rd~ ““n ‘u,8c,o’dx (12)

-~ u

Under the same assumptions as to the profile-clrag
cciefficient of a blade element that were used in evalu-
ating the decelerating torque, equation (12) becomes

~(30=6{&0*L’u’3dx+&~*fJ,***#u~3d’

Js-+ :* o-’’$”T3]’]

“l[+L”’’(”T6+’O+”,)’

‘*~’J~~Sl.#”’3(%+00+’81yz

-*P*L-pq’n’u’3(-%-eo-xol)21

+“[*o’.r”~’(%+oo+’’lY’

(+MwLn ~u~ f+oo+zel )
2dx

-+P’J-’s’”’u~s(-%-oo-~Pxl

which can be reduced to

~%6)o=:[*J2rd’J1u~3d’-+P~J-”sh””~3d’l

a 35

0.m
.333

:%
.004
L092
.807
.443
.876
.203

0.280 0.m
.822 .332
.289 .Sa9
.a20 .232
.760
1.242 I%!
.914 1.043
.518 .610
.782 .914
.306 .354

I

o.m

0:3&o

:M
.,912
L637
L197
.724
1:O&

.- -

..-
.-
..,

. . .

,-=. —
,..
.... . -.
-.. .
-; -.:

+:[+D’J’UT36+’0+’’,)’I

After substitution for u, and UP from equations (8),
(9),-- (10),” and (11) of reference 2, integration, and.
substitution for the Happing coefficient from equations
(1) to (5) of this ptiper, the expression for the profile
drag-lift ratio takes the form

+:[(te,s)A’+ (f6,8)w+ (to,,)M,+ (t&3)eo2

( )1
34W 2 (13)+ (t6,12)7*eo+ (t6,13)7+$&+ (k14) ~

The complete expressions for the coefficients represented
by the symbols (t,, ~), (t,, 2), etc. are given in the
appendix,

we net contribution of the four terms in equation
(13) that contain JIW/Ilfl’ is negligible for normal values
of -y and il&/ll&”, Values of the coefficients in the
other 10 termi are given in table VI for ~ = 15, B= 0.97,
At a tip-speed ratio of 0.5 reducing ~ from 15 to zero
will change no coefficient by more than 1.3 percent
while increasing Y from 15 to 25 will change no coeffi-
cient by more than 6.7percent. Consequently, the

vslues given in the table can be safely used for any

conventional rotm.
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TABLE VI.-NUMER1CAL VALUES OF THE COEFFICIENTS IN EQUATION (13) FOR p~(~)o

\J TiD.s ‘d
%~t ,P

‘wrncient 0.16
of

—

60—. . . . . . . . . . . . . . . . . . . .
a

5.-.-......----..-
L--------
a

561......-------------
L........-----
a

b.60..-...----------
a

+1......-----
28d................
$91.......-----

0.mi

.337

. 2s7

.m

.622

.711

.628

. !ziO

.427

%, L-------------
I

.176
a

o.R1

o.2&1

.339

.282

.m7

.640

. 74?

.530

.287

.449

. 1s5

[y-l& B-0471

0.25

0.mi

.?43

.20s

.211

.652

.iw

.580

.s09

.479

.126

The product P 2CT/ua on the kft-hnnd side of equa- I
tion (13) is, from equation (6), I

0.30

0.318

.348

.277

.216

.592

.855

.619

.289

.518

.210

0.35

0.848

..362

.280

.221

.627

.924

.668

.378

.Wi

.m .

&40

0.372

.3W

.ms

.228

.671

L 022

.729

.4m

.682

254”.:

0.46

0.02

.3-98

.s11

.22s

.722

1.m

.S32

.496

.no

.278

)+(&p+&d 0,

..-

0.xl

0.448

.878

.32.9

.244

.Xl

L%

.8%3

.660

.s35

.312

215

-..—

..—

-—

(14)

~+=(iB2”+:’a)A+(iB’’+lB’’-:’4)oThe coeflkients of }, 00, and 0,, -which are independent
of ~, are given in table VII for .B=O.97.

TABLE VII.—NTJ MERIC.4L VALUES OF THE COEFFICIENTS IN EQUATION (14)

\

Tbt &
?

c02m- 0.15
dent of

am

k.----- . . . . . . . . . . . ---- : g:
h --------------------

0-0961
.0646

#l . . . . --------------- . OuO .0462

DETERMINATION OF & $1,AND 5i

t~.m

I
0.25 I .0.33

0:y.: o.14XI
.Km

.0630 .0?28

The profle-dmg coefficient Cdo has been =w=ed ~

terms of the angle of attack of a blade element a, by
the series

C+=l$o+ &a,+ &ar2 (15)

where 6., &, and & are constants, so chosen that the
series will closely approximate an experimental curve
of drag coefficient against angle of attack over the
important part of the angle-of-attack range. Obviously
the values chosen for th, &, and & will depend on the
airfoil section and the Reynolds number. Hence, if
the present paper is to be of any practical value in
rotor-performance calculations, a simple and rapid
method of dete rmining 6., 61, and & for different airfoil
sections at any Reynolds number must be developed.

It is shown in reference 4 that
coefficient of a conventional airfoil
Reynolds number can be expressed as

~@=Cd@~,,,+ ACdp

the profile-drag
section at any

(16)

~ ‘u a? 0;
0.1753

}

0:~ 0:$ 0.2864
.ma .m9
.lW6 .1036 .Ml .1401

where ~domi~depends on the airfoil section and the

Reynolds number and the increment Acdodepends on
the parameter ICI—CZmtj/(Crma= —CJOpt).

The variation of AC~o with ]CZ–C~OJtll(C~~U–C~nl) k

expressed graphically in figure 45 of reference 4. Ex-
amination of this curve reveals that the series expansion

can be made to approximate very closely the curve over
a range of values of lCl—C~OP~l/(C~~az—cIW~)from O to 0.8,

provided that the values of lG, Kl, and Kz are properly
chosen. The nature of the agreement that can be
obtained is illustrated in figure 1. In this particular
case the following -dues were used: KO=O.0003,
Kl= –0.0025, and 2G=0.0229. These values were
chosen to make the values of Ac~ogiven by the series

agree with the values gi~en by figure 45 of reference 4
at ]cuci@J/(elm= —c~w) =0.125, 0.400, and 0.675.
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0 .1 .2 .3 .4 .5 :.6 ,7 .8 .9
[C,-clw,l

C[m= - c1 .~

Curre A From figure 45,reference4

lcl-flm,i ‘
CurveB Ac~,-0.1X03-0.WCl‘:’::::+oL@(- )

FIGUIEI.—MethodofnpprorbMtinuprotllodrasincrement AC4 ofa bladeelement.

It will be noted that the substitution of the series for
the curve results in some underestimation of the drag
of the blade elements opeiating at very high lift
coefficients and some o-rerestimat,ion of the drag at Clw~.

The overestimation of the drag at c lo, is not considered

serious inasmuch as it is to sm. extent compensated
by the alight underestimation of the drag at values of

lcr%p,l/(%= —cropl) from 0.125 to 0.400. In addi-

tion, because excessive center-of-pressure travel makes
highly cambered sections unsuitable for use in rotore,
rotor-blade sections will normally have low values of
CIO,,, For this reason rotor-blade elements will not

reach values of c1as low as c~w-texcept at the tip of the

advancing blade at very high tip-speed ratios.
The underestimation of the drag of elements operating

at high anglee of attack limits the entire the.oretical
treatment to those flight conditions in which blade
elements do not reach high angles of attack when moving
nt high velocity relative to .the.air. Recognition of this
limitation ia extremely important. If the theory is
applied indiscriminately to all flight conditions, rtb-
surdly high performrmce will bc predicted at high tip
‘speed ratios rmd high pitch settinga. This point will
be discussed further in connection with t-m illustrative
example in a later section of this pfiper.

Because vrdues of c1 appreciably below CZOP,need

not be considered, the algebraic value of cl—c10r~may

be substituted for the absolnt.e value Icl–c,,p,l in

equation (17). After the. resulting expression for
Ac~ois expanded and the product aa, is substituted for

cl, it becomes possible, by equating coeil?icients of like
powers of a,, to express b, 81, and 8* in the following
manner:

.-.,.

.
.s
,..

,..

—

(20)

or, when the values chosen for KO, Kl, and KS are
incorporated,

~o—c~mix =0.0003 +0.0025CZ Cz””’
—Cloptmu

2

+o”o~29&~

(21)

t!
-&–0.0025c, 1

Czopt

—cIoDt
–o”0458(c,m=r_c,o,Jz(22)

maz

;=0.0229
(Clm,:cz..)

–- (23)

These. expressions are plotted in “figure 2 for .wvera.l
values of czOPjmValues of 60, 6,, and & can therefore _.
be directly determined from figures 2(a), 2(b), and
2(c), respectively, for conventional airfoil sections at
my “Refiolds number if c%~in, cl~u, c~O~,,and a are

known at the Reynolds number in quc&ion. Corn-
plete clirections for determining these last qurmtitios
at any desired Reynolds number from standmcl airfoil
tests tit some other Reynolds nwnber me givou in
reference 4.

The variation of the Reynolds number for difl’erent ‘-
parts of the rotor disk complicates the choice of a value
on which to base the determination of 80, h, and ti for
nny given rotor. Pending further investigation of

this particular probleln it is suggested that a value

corresponding to the chord and the average rotational

speed of the blade elementmt 0.75R be used.
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APPLICATION OF THEORY

The manner in which the preceding charts and
tublee me used will now be illustrated by a numerical
evaluation of the characteristics of a particular rotor
operating at a specified tip-speed ratio. The rotor
used for this example will be assumed to have rectan-
gular blades of the NACA 23012 airfoil section with no
linear twist (0,=0). The Reynolds number corre-
sponding to the chord and the rotational speed at
0.75R will be considered to be approximately 2,000,000.
The rotor will be assumed to have a blade pitch angle
of 4° and to be autorotating at a tip-speed ratio of 0.35.

For the NACA 23012 airfoil section operating at a
Reynolds number of 8,160,000, the following values
were obtained from table II of reference 4:

c1~= z --------------------------------------- L 72
n,per radian--------------------------------5..73

0070~%nin--------------------------------- ------
Clovt---------------------------------------- .08

Since the publication of table II of reference 4, the
data contained therein have been found to be subject
to corrections described in reference 6. Table III of
reference 6 gives for the NACA 23012 section

– 1.74, c%~i,=0.0060 at a Reynolds numberclmaz—

of 8,400,000. The change in c~~z is negligible. The

higher value of c%~,~ used in the present paper may

be considered to include a partial allowance for surface
roughness. The results published in reference 7 in-
dicate that current construction, for -wings at least, is
sufficiently crude to increase the minimum profile-drag
coefficient by as much as 50 percent over that for a
smooth wing.

At a Reynolds number of 2,000,000 a value of
Clm== lo7~–().27=1.45 is obtahed from figure 44 of

reference 4. The value of 5.73 for a remains unchanged.
The minimum profile-dreg coefficient is given by the
expression

cdom,*=(’d”mi.)*td@Y”l’
‘(00070’(Y&$9””1
=0.0082

An indication of the probable variation of c~o,,

with scale for different airfoil sections is given by
figure 42 rmd table I of reference 4. It is to be noted,
however, that the accuracy of the experimental data is
not sufficient to establish the small variation for the
XACA 23012 section with any degree of certainty.

For the present example it will be assumed that the
e!lect of scale on tilOP~of the ~NACA 23012 section can

be ignored over the range of Reynolds numbers from

8,000,000 to 2,000,000.

The values of &, 81, and & can now be obtained
from figure 2 or from equations (21), (22), and (23).
hey arc:

60.--------------------------------------- 0.0087
61---------------------------------------- –. 0216
82------------------- -------------------- .400

The next step is the determination of the inflow
factor h from the torque equilibrium of the rotor.
In the present problem the rotor is assumed to be in
steady autorot ation; hence, the accelerating and the
decelerating torques are exactly equal. That is

\a]\r]

or, at p= 0.35, from equations (9) and (11) and tables
IV and V

a(0.646X2+ 0.689 N30+0.500h91+0.14500z+ 0.2126001
+0.0770?) =0.28030

+81(0 .333 k+0.280L90+0.2200,)

+&(0.694 h2+l.092MO+0.807 Ml+0.443t??
+0.6760& +0.2688,~

Terms involving iWW/1$12have been omitted from
this equation on the assumption that JIr/llf12 is of
normal magnitude (approximately 0.006) so that the
net contribution of these terms is negligible.

Substitution of the appropriate values of L$O, L &,

do, t%, and a into the preceding equation gives the
quadratic equation
3.701 A2+0.27561+0.004050 =0.278 A’+

0.0233 A+0.002876
Solution of this equation gives two values of X. The
smaller (algebraic) value corresponds to operation at a
negative angle of attack and can be ignored. The
larger value, which corresponds to operation at a
positive angle of attack, is

A=–O.0050
With h and 00known, the calculation of the flapping

angles is carried out with the help of tables I and II.
.-

ao=15[(0.1536) (–0.0050)+(0.1244)(0.0698)]-~
1

-.

(2,= (0.777)(—0.0050)+ (1.o~l)(o.of398)
=0.0687radians

h=15[(0.0721)(-O.005@ + (0.0591) (O~0698)]-.

)–(0.452)(~

.
‘)1[(0.0563) – (0.452)(~ radians

gz= (0.35)
{( )

1“184:1”306 (–0.0050)

1“00’:=6)’006’80
+(—

=’0.0082mdians

b,=(o.35)f(–o”31:–o”354)(–o.oo50)

+(-{38:-0”430)(006’8)1
= —0.0033radians

,
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FIGURE2—Ckts for the rletcrrnine,tion of Jo, JI, and & for diflwent blnde fIlrfoUswtiom.

It is understood, of course, that the values of QO,b,, I from which
a~, and 62depend on the value of the mass constant y of
the rotor. In these calculations, ~= 15 was used.

The thrust coefficient is obtained from equation (6)
and table III

2CT (O504) (–0.0”050) + (0.361) (0.0698) =0.0227—. .
ca

It will be shown later that the lift coefficient-solidity
ratio CL/r is & particularly convenient parametir
against which to plot the profile drag-lift ratio of
rotors. This quantity is obtained on the assumption
thnt L= 5!’cos a or

C~~Rz:pVz= CT@r~ COS a

---

~ =2CT C05 a 2C= COS3 a _
L 77 2 = ~2 ““ “-- ‘“- “-

() a

and

CL 2-CTa COS’a.=— - (24)
co-a P2

Ordin@y at tip-speed ratios above 0.15 or 0.20 the
value of Cosa a can be taken as unity without serious
error. Hence, in the present case

c. 5.73
;= (0.0227)—=.. (0.35)21“062‘-

-- ., . ..... . . .- ,, .-= >,.
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TIM induced drag-lift ratio of a rotor, given by the
second term of equation (11-4) of reference 1, is

.

D
()

‘c= ‘Jc’l[’+(il’’c’’alalz,=Jk’-+p))$4
At tip-speed ratios above 0.15 the factor enclosed in
the brace may be considered unity and

which is,in the presentcase,

1.062x~–O.266u

(25)

The profile drag-lift ratio of the rotor M obtained
from equations (13) and (14) and tables VI and VII:

(:) [(0.1753)(-0.0050)+ (0.1252) (0.0698)]

‘L’:(_) (o.343)+(-\yy3)[(o.353,(-o.oo5cl)

+ (0.286)(0.0698)]+(~)[(o.62V (–o.oo50)2

+ (0.930)(–0.0050)(0.0698)+(0.378)(o.0698)q

which gives
D

()z, =0.0711

EPPECT OF PITCH SETTING AND TIP-SPEED RATIO ON PROFILE
DBAG-LJFT E.4TI0

The calculation of the profiledrag-liftratio of the

autogiro rotor assumed in the preceding example has

been repeated for a series of other combinations of

the pitch angle ,00 mcl the tip-speed rntio p. The
results are summarized by the chart shown in figure 3.
This type of chart, in wfich proiile drag-lift ratio is
plotted against cLf& fOr VaYiOUS vahms of pitch and
tip-speed ratio, is a particularly convenient method of
present ation, in that the single chart completely speci-
fies the lift and the clrag characteristics of the rotor
at any forward speed for all normal combinations of
pitch, tip-speecl ratio, ancl solidity.

LIMITS OF VALIDITY OF THEORY

It has been pointed out that the series used to ap-
proximate the profile-drag coefficient of the blade ele-
ments begins to underestimate seriously the drag
coefEcient when the parameter (Cr CJ@)/(CJ=a—cz@)
reaches a value of 0.8. The angle of attack of the blade

element corresponding to this limiting condition is

0.8CZ_+0.2CL&. arlim= a
(26)

hTow, it is impossible to limit the application of the
theory to flight conditions in which CY,limis never ax-
ceeded by any blade element. W’henever the rotor is
in translation, some elements of the retreating blade
vdl be operating at angles of attack above a,lln. For
moderate values of pitch and tip-speed ratio, however,
these high values of the angle of attack are confined to
parts of the rotor disk in which the square of the
velocity of the air relative to the blade element is quite
low. Under such conditions the total contribution of
these blade elements to the rotor thrust,,torque, and

flappingisvery small, and the errorin itsestimation is

negligible.

As the tip-speedratioor the pitch settingisincreased,

the high angle-of-attack region spreads to regions of

...-
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‘6.04L—H+H+W

t Ill —. -r / -w= - # “.” >f74 I I I
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1.,....
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Lift ccsefficient -so?dify ratio, ~L@

F1awm 3.—ProSle drag-lift ratio for senr le rotor. The values in parentheses
~Erepresent the forward speed in miles er ow at wh!ch the edvencing blade tip

rewhcs 75percentof the sped of eoun at sealevel.

‘“’”’’’+(9(:)
increasingly high velocity and the ac.c.uracyof the

theory iscorrespondingly reduced. The extent to which

the theory willbe in errorin any particularcasewillbe

approximately determined by the square of the maxi-

mum value of the t,angcntidvelocity component uT at

which elements reach the limitingangle of attack a,z~~,

Hence, the rationalinterpretationof a chart such as the

one shown in figure3 requiresthe addition of a seriesof

lines,each of which represents the 10CUS of combina-

tions of pitch and tip-speed ratiofor which artim is the
maximum angle of attack reached at tl~ value of UT
specified for the line.

In order to construct the limit-kg Iirm just mentioned,
it is necessary ta derive a relation between tho angle of
attack of an e~ement and its t.angential-velocity com-
ponent. The angle of attack is generally expressed by
the formula

or, after substitution for u-from equation (9) of
reference 2 and for x from equation (8) of referenco 2,

Thisequation makea it possible to calculate the
angle of attack corresponding to a. specified tangential
velocity uT at all azimuth positions. ‘“ It”’is not usefuI
for the present purpose, however, until the azimuth
angle 1 at which ar becomes a maximum is deter-
min cd. In a specific example, where numerical values-
of the flapping coefficients are available, the derivative
of the “&qmessiori can be equated t!o O atid a numerical
value can be obtained for ~. This value of ~, when
substituted in the original expression, will determine
the desired maximum value of a, for the specified
value pf uT. In general form”, however, this method of
solution results in expree9ions too complex for practical
application, unless the rotor is assumed .to have in-
finitely heavy blades.

For. t$e rotor with infiitely heavy blades the mass
constamt ~ and all flapping coefficients except al are
zero. Than

The a?.jnmth positions for maximum and minimum
angks of attack are obtained from. the condition that

da,~=o=–8,p Cos $–a, Cos #

which gives #= 90° for a~~f~and 1=270° for a,~a=.

Substitution of # = 270° gives

—.

-.

.—.

After substitution from equation (2), “-

(28)
—

The cf)efficients of k, h/uT, %, @o/uTj 81) and @l/UT are

given in table VIII.

TABLE VIIL-NUMERICAL VALU.ES OF THE COEFF~CIENTS Ix EQUATION (28) FOR ~, ~w.

[B-O.97]

\

\

, .F“““.“ ~“
..

T;:t;oyl “’
,.

0.15
.=

Wynt 0.20 . O.i

\ - -“ “m+. 0“3’

0.40 0.45 0.60
-,=

— .. — .

h...........-....-...- 0.321 o.@ 0.640 O.= 0.763 0.we Lm 1.133
A/lLT. . . . . .- . . ..- ---- ,. 1.048 LCIB9 “: i.w ‘L196: 1.%0 1.3K6 L 434 L tf17
8@.. .. . . . . . . . . . . . . . . . . -. L 418 L 562 1.711 l.8M’- 2.on 2.1s9 2.3W 2.572
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Under the conditions chosen for the illustrative
example, 191=0, 00=4°, X= —0.0050 and

a,~u= (-0.0050) (0.768) +(–0”~~)(1.269)

+ (0.0698) (2.028) +~&)(0.359)

‘10.04° at u==0.5

The maximum angle of attack does not reach a value
as high as (0.8cz~U+0.2czopt)/~ ~tfl UT is aS low fW

0.279. Hence, the conditions chosen for the illustrative
example lie within the range for which the theory may
be expected to give reasonably accurate results.

The value of a,~a=has been calculated for all combina-

tions of pitch and tip-speed ratio shown in figure 3 for
vrdues of uT of 0.3, 0.4, and 0.5. For each of these
three values of uT, a series of combinations of 00and Pat
which a~~a$ just reaches (0.8cl~ax+0.2c,0PI)/a has been

established by interpolation. Curves drawn through
each series have been included in figure 3. At the present
time it is not possible to estimate quantitatively the error
in the theory corresponding to each of the three curves.
Fortunately such an estimate is not absolutely essential.
The rapidity of the growth, with pitch and tip-speed
rat io, of the high angle-of-at-tack region beyond the
he for u2.=0.4 makes this be a s~tmisfactory limit ki
the present case.

A question naturally arises as h whether the fact
[hut the blades aro not. infinitely heavy can be safely
ignored in the determination of the limiting lines. In
order to check on this point, three combinations of
pitch m-d tip-speed ratio, for which ct,~==a,lm at

UT= 0.4 for infinitely heavy bladw, have been used
with uT= 0.4 to calculate values of a, against * directly
from equation (27) when ~= 15. The results
tabulated as follows:

are

It is evident that the angles reach slightly higher values
at a given% for blades of ii.nite mass (7=15). Hence,
limit lines constructed on the assumption of ~= O tend
to overestimate slightly the range of conditions for
which the theory is valid.

Up tn this point the discussion has been concerned
primarily with the determination of the limiting con-
ditions of pitch and tip-speed ratio for which the theory
can be expected to give accurate results. It should be
pointed out, however, that the use of combinations of
pitch and tip-speed ratio beyond these limits will
result in an actual performance inferior to that pre-
dicted by the theory because of the drag of blade ele-

ments operating near and beyond the stall. The
rapidity with which the high angles of attack spread to
high velocit.ies in the rotor under consideration indi- -
cate.s that the conditions of pitch and tip-speed ratio
for optimum performance can be only slightly beyond
the hits of accuracy of the theory.

EPPEOTOFCO.WPRESSIBILITYO?JADVANCINGBLADE

The speed at the tip of the advancing blade of n

rotor in translation is

i7= V+2R

or, since p=~~ approximately,

The comprwsibility-shock wave
airfoil sections at between 75 and

(“9)

usually forms on
80 percent of the ..-----

speed of sound. Hence, the maximum ~peed at which
a rotor can be flown without danger of loss in efficiency
due ta compressibility shock on the advancing blade
tip may be considered to be

Vm=.=573 --& miles per hour (30)

Equation (30) indi~ates that the lines of constant
tip-speed ratio on figure 3 are also lines of constant
maximum permissible forward speed. For example, a
rotor cannot fly at a forward speed greater than 148
miles per hour, at any value of CL/u to the right of the
line Y=O.35 in figure 3, without danger of compressi-
bility shock on the advancing blade. Values of the
maximum permissible speed, as given by equation (30),
are noted for each tip-speed ratio on figure 3. It is
apparent that, in the case of the constant-pitch auto-
rotat,ing rotor, the necesit y of avoiding compressi-
bility on the advancing blade restricts high-speed
flight to inefficient combinations of pitch and tip-
speed ratio.

CONCLUSIONS

1. Theoretically derived expressions for the thrust,
the torque, and the profile drag-lift ratio of a lifting
rotor in translation have been reduced to simple
functions of the inflow velocity and the blade pitch.
The various terms in these functions have coefficients
that me functions of the tip-speed ratio but are, for
practical purposes, independent of the mass constant.
Values of these coefficients given in tables for specfied
values of the tip-speed ratio can be sa.fely used to esti-
mate the characteristics of any rotor of conventional
design.

2. The relationship between the drag and the lift ““-”
characteristics of an autorotating rotor, in forward
flight at tip-speed ratios above 0.15, can be com-
pletely specified for various combinations of pitch,
tip-speed ratio, and solidity by a single ch~t on which
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the profile drag-lift ratio is plotted ag~inst the lift
coefficient-solidity ratio for specified values of pitch
and tip-speed ratio.

3, Beyond cert tin Iimiting combinations of pitch
and tip-speed ratio, the excessive power required by
blade elements operating at high speeds while near or
beyond the stall adversely allects the over-all rotor
performance to such an extent that the theoretical
treatment is no longer accurate. By a method devel-
oped in the present paper it is possible to determine
approximately these limiting combinations and thus to
avoid the application of the theory to conditions in

which the rotor performance would inevitably be over-
estimated.

4. The requirement that compressibility shock be
avoided at the tip of the advancing blade. restricts high-
speed flight with an autorotating rotor to inefficient
combinations of pitch and tip-speed ratio.

LANGLE~MEMORIAL AERONAUTICAL LABORATORY,

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS,

LAN.GLEY FIELD, VA., March 17, 1941.
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